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Abstract
In this study, the recently-proposed adaptive wavelet transform (AWT) and synchro-squeezed
adaptive wavelet transform (SSAWT) are introduced with their optimum transformation
parameters automatically searched to derive at a desirable time-frequency representation of any
dynamic response. The AWT enables the selectivity of time and frequency resolution in a domain
of interest and the synchro-squeezing algorithm reduces the dispersion of a scalogram of the AWT,
facilitating an accurate extraction of frequency features over time. The effectiveness of AWT is
first demonstrated with an illustrative signal of four time segments covering various frequency
distribution cases. In comparison with conventional wavelet transform, the AWT can clearly
separate time-varying frequency features from the signal. Accordingly, the SSAWT is at least 5
times more accurate with a 1.1% error than conventional synchro-squeezed wavelet transform.
The AWT is then applied to the impact echo (IE) responses experimentally recorded from a
60"×36"×7.25" concrete slab for potential pavement applications. The time-frequency resolution
and corresponding frequency spectra led to the successful detections of deep pavement defect,
shallow pavement defect or no pavement defect from 40 sets of experimental data. The SSAWT
results in a 1.5% estimation error in the identification of deep pavement defect depth and a 5%
estimation error in slab thickness, both being twice more accurate than the AWT in terms of
estimation error. The selection process of time-varying central frequencies, scaling factors, and
window lengths proves robust.
1. Introduction
Among signal processing techniques, the most widely used is Fourier transform (FT) (Fourier,
2003). Short-time Fourier transform (STFT) was developed to give a time-frequency
representation (TFR) of the signal (Jacobsen and Lyons, 2003). Continuous wavelet transform
(CWT) was later developed to provide variable frequency resolution. Applications can be found
in various engineering disciplines (Quek et al. 2001, Lin and Zuo 2003), denoising (Chunli and
Chunlei 2012, Nazimov et al. 2013), as well as algorithm optimization (Zhang and Benveniste
1992, Telfer et al. 1994). Daubechies (2011) proposed the synchro-squeezed wavelet transform
(SSWT) to acquire a more accurate TFR. However, both CWT and SSWT keep frequency
resolution variation over time. A few attempts with adaptive signal representation techniques such
as matching pursuit (Mallat and Zhang, 1993) and basis pursuit (Chen et al., 2001) were based on
discrete TFRs. Adaptive wavelet transform (AWT) was recently proposed to for adaptive
parametric updating for continuous TFRs (Qu et al., 2018).
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This study introduces the synchro-squeezed adaptive wavelet transform (SSAWT). The
characteristics and performance of the proposed SSAWT are evaluated using a signal of two
duffing oscillators. Finally, the proposed SSAWT is applied to the IE responses experimentally
recorded from a concrete slab to identify its thickness or detect embedded pavement defect defects.
The identified results are compared with those by the conventional CWT, SSWT and the recently
developed AWT.
2. Synchro-squeezed Adaptive Wavelet Transform
The AWT adaptively adjusts itself to the time-varying signal by changing the center frequency of
a Morlet mother wavelet in order to achieve the desired time and frequency resolution over time.
At each time 𝜏𝑘 , a short-time CWT or STCWT is performed for the segment over a duration of
[𝜏𝑘 , 𝜏𝑘 + 𝑇𝜏𝑘 ], and all the STCWT segments staggered over time are averaged. That is,
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in which a window function 𝑤𝜏,𝑇𝜏 (𝑡) over [𝜏, 𝜏 + 𝑇𝜏 ] is applied to the signal 𝑥(𝑡) of duration 𝑇
start at time 𝜏0 , end at time 𝜏0 + 𝑇, and be sampled at time step ∆𝑡. Here, 𝑇𝜏 represents the window
length starting at time 𝜏, and 𝑝𝑘 represents the number of significant STCWT segments spanning
each time instant (1 ≤ 𝑝𝑘 ≤ 𝑘 at 𝜏𝑘 ).
Finally, a synchro-squeezing algorithm (Auger and Flandtrin, 1995) is integrated into the AWT to
develop a new method called synchro-squeezed AWT or SSAWT. SSAWT is defined as:
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An automatic optimization algorithm is also developed to determine the time-varying STCWT
parameters. When the signal characteristics are unknown, 𝜔𝑐 is set to 2𝜋. At each time instant 𝜏𝑘 ,
an instantaneous frequency spectrum of a signal obtained from the CWT gives a total of 𝑀
dominant frequency bands at a predetermined threshold amplitude. When 𝑀 ≥ 1, each frequency
bandwidth centered at frequency 𝐹𝑖 (𝑖 = 1,2, … , 𝑀 ) is referred to as the thickness (𝐶𝑇𝑖 ) of a
ridgeline of the spectrum at the threshold value. When one or more of the ridgelines are thicker
than the required value or max(𝐶𝑇𝑖 − 𝐹𝑖 /𝐹𝑐 √2) > 0 (𝑖 = 1,2, … , 𝑀), all frequency components
within each thicker ridgeline must be separated by reducing the ridgeline thickness to 𝐹𝑚 ⁄𝐹𝑐 √2.
In this case, the new center frequency 𝐹𝑐𝑚 can be determined by:
𝐹𝑚
𝐹𝑐𝑚 =
(4)
𝑚 −𝐹 /𝐹
√2𝐶𝑇

𝑚

𝑐

When all the ridgelines are thinner than the required thickness (𝐹𝑖 /𝐹𝑐 √2) of a single ridgeline or
max(𝐶𝑇𝑖 − 𝐹𝑖 /𝐹𝑐 √2) ≤ 0 ( 𝑖 = 1,2, … , 𝑀 ), 𝐹(𝜏𝑘 ) is set to 𝐹𝑐 when 𝑀 = 1 . When 𝑀 ≥ 2 , to
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improve the time resolution to its optimal condition, frequency resolution is reduced as much as
possible so long as two adjacent ridgelines remain separable. That is,
(𝐹𝑚 +𝐹𝑚−1 )
𝐹𝑐𝑚 = 2√2(𝐹
(5)
−𝐹
)
𝑚

𝑚−1

To satisfy the required frequency resolution at all ridgelines, the final center frequency at each
time instant 𝜏𝑘 is selected as the maximum value of the candidate(s) in Eq. (4) or (5). That is,
𝐹(𝜏𝑘 ) = max(𝐹(𝜏𝑘 ), 𝐹𝑐𝑚 ) is determined recursively for all 𝑚 . Correspondingly, the timedependent window length and scaling factor can be determined from 𝑇𝜏𝑘 = 2𝐹(𝜏𝑘 )∆𝜓 /𝐹𝑙 and
𝑎𝑖 (𝜏𝑘 ) = 𝐹(𝜏𝑘 )𝐹𝑠 /𝐹𝑖 ( 𝑖 = 1,2, … , 𝑀 ), respectively. To ensure a reliable identification, the
threshold is set to be 15% of the corresponding peak in the following analysis.
3. Effectiveness of SSAWT
To test the effectiveness of SSAWT to its full extent, a special four-segment signal is designed to
cover changing frequency combinations over time:
cos(2𝜋2000𝑡 + 100 sin(2𝜋10𝑡)) + cos(2𝜋2500𝑡 + 100sin(2𝜋10𝑡))
cos(2𝜋3000𝑡) + cos(2𝜋3500𝑡) + cos(2𝜋1250𝑡)
𝑥(𝑡) = {
cos(2𝜋1000𝑡) + cos(2𝜋1500𝑡) + cos(2𝜋3250𝑡)
cos(2𝜋2000𝑡)

0 s < 𝑡 ≤ 0.1 s
0.1 s < 𝑡 ≤ 0.2 s
0.2 s < 𝑡 ≤ 0.3 s
0.3 s < 𝑡 ≤ 0.4 s

(6)

4

Frequency (kHz)

Frequency (kHz)

Fig. 1(a) shows the CWT scalogram of the signal, and the top portion smears due to low frequency
resolution. On the other hand, the SSAWT of the signal as presented in Fig. 1(b) shows thinner
and separable ridgelines with significantly improved identification accuracy. In fact, the identified
ridgelines coincide with the theoretic lines.
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(a) CWT (𝐹𝑐 = 1 Hz)
(b) SSAWT
Fig. 1. Time-frequency representation of the numerical signal

4. Practical Application of SSAWT to Impact Echo Signals
The proposed SSAWT is applied to the impact echo (IE) signals of a 60"×36"×7.25" concrete slab
with six pre-embedded artificial defects (Table 1). Shallow pavement defect is associated with the
long-duration flexural vibration. The fundamental frequency of the flexural mode can be related
to the depth and width of pavement defect, 𝑑 and 𝑐:
𝑉 𝑑
𝑓 = 𝜀𝛽1 𝑑 ( 𝑐 )2
(7)
in which 𝑉 = 126,000 in./sec is the P-wave velocity in concrete, 𝛽1 = 𝜋√1 − 2𝜈/√12(1 − 𝜈)2
is a function of the Poisson’s ratio of concrete, 𝜈 (= 0.3) , and 𝜀 = 1.64𝑒 0.0014𝑐/𝑑 −
1.812𝑒 −0.22𝑐/𝑑 is a correction factor.
Deep and no pavement defect are associated with the body wave. The corresponding resonant
frequency can be related to the pavement defect depth or slab thickness, 𝑑:
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𝑓=

𝛽2 𝑉

(8)

2𝑑

where 𝛽2 = 0.96 for plate-like structures.

Defect
A
B
C
D
E
F

Table 1. Artificial defect properties and theoretical frequencies
Plan Dimension Thickness
Embedment Depth
Frequency (Hz)
Material
(in. × in.)
(in.)
(in.)
Eq. (7)
Eq. (8)
12.0×11.5
-9677
-6.250
Cardboard
12.0×11.5
1732
--1.875
Cardboard
6.0×5.0
-11520
1.000
5.250
Foam
6.0×5.0
4928
-1.000
2.500
Foam
10.0×6.5
-6.250
Cardboard
-9677
10.0×6.5
3676
--1.875
Cardboard

Fig. 2 shows the test specimen, setup, and measurement scheme. The portable seismic property
analyzer (PSPA) was used to generate with the impact source, sampled at 390 kHz. A total of 40
measurements were taken with respect to the locations of the six defects.
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(a) Specimen and instrumentation
(b) Distribution of 40 measurement points
Fig. 2. IE test setup
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Fig. 3. CWT scalograms of deep pavement defect signals (ω𝑐 = 2𝜋 rad/s)
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The CWTs of signals with ω𝑐 = 2𝜋 rad/s are ineffective in identifying frequency components as
illustrated in Fig. 3 at four measurement points (#9, #10, #22 and #34), while frequency
components in the signals are separated with AWT as shown in Fig. 4.
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Fig. 4. AWT scalograms of deep pavement defect signals
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(d) Point #34

AWTs are further synchro-squeezed to identify the deep pavement defect from the measured
signals. As shown in Fig. 5, the time-frequency representations with the proposed SSAWT have
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clearly separable frequency components. The largest peak above 7500 Hz (slab thickness of 8 in.)
is selected to identify the characteristic frequency at the pavement defect/slab depth. These
resonant frequencies are 9,600 Hz, 9,700 Hz, 11,600 Hz and 9,700 Hz, and converted to pavement
defect depths of 6.30 in., 6.24 in., 5.21 in. and 6.24 in. for points #9, #10, #22 and #34, respectively.
The identified deep pavement defect depths are within a maximum error of 1.5% in comparison
with their theoretical values.

(a) Point #9

(b) Point #10
(c) Point #22
Fig. 5. SSAWT scalograms of IE signals with deep pavement defect

(d) Point #34

The SSAWTs at locations #2, #18, #20 and #27 with no pavement defect are presented in Fig. 6.
The frequencies in these cases are lower than those for deep pavement defect. They are 8,400 Hz,
8,000 Hz, 8,500 Hz and 8,400 Hz, corresponding to a slab thickness of 7.20 in., 7.28 in., 7.56 in.
and 7.20 in. at the four locations. The error of the identified slab thickness is less than 5%.

(a) Point #2

(b) Point #18
(c) Point #20
Fig. 6. SSAWT scalograms of IE signals with no pavement defect

(d) Point #27

Similarly, the SSAWT of signals at four locations (#11, #12, #23 and #35) with shallow pavement
defect are presented in Fig. 7. A single low frequency component dominates each scalogram in the
time-frequency plane, representing the fundamental flexural mode.

(a) Point #11

(b) Point #12
(c) Point #23
(d) Point #35
Fig. 7. SSAWT scalograms of IE signals with shallow pavement defect

The identified pavement defect conditions at all 40 points are obtained, and all are successfully
detected but two points (7 and 13, located near the edge of cardboards). As such, the proposed
SSAWT proved robust in applications. Moreover, the depths of both deep and no pavement defect
are all determined with high accuracy (<1.5% and <5% in error, respectively).
5. Conclusions
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In this study, SSAWT has been introduced for an accurate time-frequency representation of
signals. SSAWT resulted in 1.1% error in time-frequency representation of an illustrative signal.
SSAWT showed required robustness and accuracy in the detection of defects embedded in a
concrete slab from IE responses. Only two out of 40 measured IE responses led to falsely identified
pavement defect conditions.
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